We estimate the average flux density of minimally-coupled axion-like particles generated by a laserdriven plasma wakefield propagating along a constant strong magnetic field. Our calculations suggest that a terrestrial source based on this approach could generate a pulse of axion-like particles whose flux density is comparable to that of solar axion-like particles at Earth. This mechanism is optimal for axion-like particles with mass in the range of interest of contemporary experiments designed to detect dark matter using microwave cavities.
Introduction
The next generation of high-intensity laser facilities is expected to provide a new avenue for probing quantum electrodynamics in parameter regimes that are currently inaccessible to high-energy particle colliders. Facilities such as ELI [1] will offer interacting laser fields of such high intensity (∼ 10 23 W cm −2 ) that it will be possible to investigate the effective self-coupling of the electromagnetic field via virtual electron-positron pairs [2] , and to explore the recoil of matter due to its own electromagnetic emission [3] . Furthermore, it is possible that a new perspective will be gained on long-standing problems in fundamental physics that include understanding the nature of dark matter. In particular, such facilities are expected to be capable of complementing established approaches for exploring the existence of light weakly-interacting axion-like particles (ALPs) [4] [5] [6] [7] . Axions were first introduced in the 1970s as an elegant solution to the strong CP problem in QCD [8] [9] [10] , but it was later realised that ALPs, which are light pseudo-scalar particles whose couplings to ordinary matter resemble those of the axion, naturally occur in string-inspired generalisations of the Standard Model [11] . The significance of the axion as a dark-matter candidate was first revealed during the early 1980s [12] [13] [14] , and this inspired the development of a wealth of experiments to search for axions and their ALP brethren. See Refs. [15, 16] for a recent summary of the most established programmes devoted to searching for axions and ALPs. It is also worth noting that the panoply of proposed experiments is continuing to grow; for example, it has been suggested that photonic band-gap structures [17] and arrays of dielectric discs [18] could be fruitful for axion/ALP searches.
Investigations of the implications of quantum electrodynamics and non-Standard Model physics in the context of high-intensity laser experiments commonly use laser pulses as experimental probes. In tandem with such studies, it is also interesting to explore the behaviour of matter accelerated by electromagnetic fields that carry the imprint of the quantum vacuum and may also include effects due to new physics. Our particular interest here is on the paradigm of plasma-based wakefield acceleration [19] , which has gained a prominent status in recent years as an effective method of efficiently accelerating charged particles. Landmark demonstrations of this mechanism [20] [21] [22] during the early years of the 21st century inspired the substantial worldwide effort currently devoted to harnessing plasma-based wakefield accelerators for practical purposes. The concept is particularly attractive because the electric fields in a plasma wave can be several orders of magnitude greater than those sustainable in standard radio-frequency accelerator cavities. The most prevalent schemes realised thus far employ the strong fields in the wake behind an intense laser pulse propagating through the plasma [23] , although electron-driven wakefields have also been exploited for electron acceleration [24] . Furthermore, recent developments have focussed on proton-driven wakefields as a paradigm for efficiently accelerating leptons to TeV energies [25] .
The purpose of this article is to argue that the combination of a plasma wakefield accelerator and a constant strong magnetic field could offer an interesting source of ALPs for fundamental physics experiments. In general, a detailed investigation of the evolution of a laser-driven, or particle-driven, plasma wakefield requires intensive numerical simulation [26] . The most sophisticated numerical analyses of plasma wakefields are typically undertaken using 3-dimensional particle-in-cell codes running on high-performance computer facilities, but reduced models and scaling arguments [27, 28] are also widely exploited for practical reasons associated with computational efficiency. Even though the wakefields in plasma-based particle accelerators are 3-dimensional in nature, 1-dimensional models play an important role and are widely used to obtain estimates of key quantities such as the acceleration gradient [26] . Our aim here is to obtain analytical expressions and numerical estimates for informing further study, and 1-dimensional models are indispensible in this context.
For simplicity, throughout the following we will use Heaviside-Lorentz units with c = 1, = 1 unless otherwise stated.
Field equations
Minimally-coupled axion-like particles (ALPs) of mass m Ψ are described by a pseudo-scalar field Ψ that satisfies the sourced Klein-Gordon equation:
where the constant g is the ALP-photon coupling strength, E is the electric field and B is the magnetic field. The reaction of E, B to the ALP field Ψ is facilitated by the electromagnetic constitutive equations D = E − gΨB, H = B + gΨE in the absence of material polarisation or effects due to the quantum vacuum; thus, the ALP field affects the electromagnetic field in a manner that is similar to a magnetoelectric medium. From the above perspective, conventional QCD axions are a class of minimally-coupled ALP whose parameters g, m Ψ lie within a band that straddles a particular line in the log(g) − log(m Ψ ) plane. However, the results discussed here are applicable to any hypothetical pseudo-scalar particle that couples to the electromagnetic field in the above manner. Effects due to quantum vacuum polarisation are readily introduced via an effective self-coupling of the electromagnetic field induced from a Lagrangian that can be expressed as a scalar-valued function L EM (X, Y ) of the Lorentz invariants X = |E| 2 − |B| 2 , Y = 2E · B. In this case, the electromagnetic constitutive equations are
The simplest choice, L EM = X/2, corresponds to classical vacuum electromagnetism, whilst vacuum polarisation due to virtual electron-positron pairs can be accommodated by the weak-field 1-loop Euler-Heisenberg Lagrangian [29] 
where α ≈ 1/137 is the fine-structure constant and m e is the electron mass. Another famous choice for L EM (X, Y ) was introduced by Born and Infeld in an attempt to fix problems in quantum theory that arose due to the Coulomb singularity of the electron [30] . Although interest in Born-Infeld theory waned soon after the development of renormalised QED, it was later rejuvinated because the Born-Infeld Lagrangian was shown to emerge from bosonic open string theory [31] . String-theoretic and other considerations have been used to motivate a wide range of non-linear theories of electromagnetism, and it is fruitful to examine the general implications of (2).
A sufficiently short and intense laser pulse, or particle bunch, propagating through a plasma will leave a non-linear electron density wave in its wake. For computational simplicity, we will adopt the most widely used methodology for obtaining analytical estimates of the properties of the wake. Specifically, although one can include thermal effects in the analysis of the wake [32, 33] , we will represent the ordinary matter sector by a cold (i.e. pressureless) plasma. In any case, thermal effects are not expected to be significant for the parameter regime of interest here. Furthermore, the motion of the ions due to the driving laser pulse or particle bunch is negligible in comparison to the motion of the electrons because the plasma ions are substantially more massive than the plasma electrons. Thus, we will neglect the motion of the ions.
The plasma electrons satisfy
where −e is the electron charge, u is the plasma electrons' 3-velocity and
is their relativistic 3-momentum. The plasma ions are are assumed to be uniformly distributed and static over the time and length scales of interest, and the electric charge density ρ and electric current density J are
where ρ e is the electron charge density and ρ 0 is the background ion charge density (a positive constant). The final ingredient that closes the system of field equations for Ψ, E, B, u, ρ e are Maxwell's equations:
Our interest lies in the properties of solutions to the above system that describe the behaviour of the ALP field Ψ coupled to a non-linear electron density wave in a magnetised plasma. The wave propagates parallel to the applied magnetic field, which is assumed to be uniform with strength B. A well-established simple strategy for modelling wakefield accelerators is to focus on solutions in which all scalar fields and vector fields depend on ζ = z − vt only, where ζ is the phase of the wave, the constant v is the phase speed of the wave and 0 < v < 1. Furthermore, we will choose all vector fields to be proportional toẑ.
The above simplifications reduce the field equations to an amenable system of non-linear ODEs. To proceed, we note that (7), (8) reduce to
whilst (4), (1) become
and
respectively, where
A prime indicates differentiation with respect to ζ. The electric displacement D is given in terms of E, B, Ψ as follows:
where (2) has been used.
The next step is to encode the plasma electron momentum in a manner that is useful for describing a non-linear density wave. We express p(ζ) in terms of a dimensionless function ξ = ξ(ζ) as follows:
where γ = 1/ √ 1 − v 2 and m e ξ is the plasma electrons' relativistic energy in the inertial frame moving with velocity vẑ with respect to the plasma ions (henceforth called the wave frame). Using (5), (13) it follows that
and, since ξ cannot be less than unity and u is a monotonically decreasing function of ξ for ξ > 1 and 0 < v < 1, it follows that the velocity of the electrons is always less than the phase speed of the wave (i.e. u < v) except in the critical case where ξ = 1. Motion during which ξ approaches unity is highly non-linear; using (9) it follows that
and so the charge density ρ e diverges as u → v. The profile of the electric field E steepens accordingly. Using (10), (13), (14) it follows that
and the quantity m e ξ/e emerges as an electrostatic potential in the wave frame. The highly non-linear oscillation during which the plasma electron velocity u grazes the phase speed v of the wave exhibits the largest electric field that can be obtained for 0 < v < 1 without losing the structure of the wave. Larger amplitude waves of the above regular form cannot be sustained; instead, experiments and detailed numerical simulation show that substantial numbers of electrons are drawn from the plasma, become trapped in the collapsing wave structure and are strongly accelerated. This effect is well established for classical vacuum electromagnetism (i.e. L EM = X/2) and, from a perturbative perspective, it is expected to occur in the presence of new physics.
The above choices reduce (9)-(16) to a pair of coupled non-linear ODEs for ξ, Ψ. The ODE for Ψ is just the remnant (11) of the ALP field equation, which can be written as
where (16) is understood. However, it is fruitful to eschew the ODE for ξ in favour of a first integral of the system. Substantial insight into the behaviour of the system is readily gained by combining (9)-(16) to give
which can also be obtained using a manifestly covariant approach by invoking total stress-energy-momentum balance [34] . The pair (17), (18) of non-linear ODEs for ξ, Ψ (with (16) understood), exhibit oscillatory solutions if an appropriate choice for L EM (X, Y ) is made. Physically admissible choices for L EM (X, Y ) lead to oscillatory solutions that can be smoothly transformed to those of L EM = X/2 by taking an appropriate limit. An example of an admissible theory is given by (3), which is perturbatively connected to classical vacuum electromagnetism by the fine-structure constant α. Born-Infeld electrodynamics also falls into the category of admissible theories [35] .
A novel source of axion-like particles
An initial assessment of the effectiveness of plasma-based wakefields as sources of ALPs in the laboratory follows directly from (17) , (18) . The central result of this article is an analytical expression for the cycle-averaged ALP flux density N Ψ associated with the critical oscillatory solution to (17) , (18) . Use of the critical solution ensures that the source in (17) is optimal because, from a perturbative perspective, it has the largest amplitude electric field for given values of the parameters g, m Ψ , B, ρ 0 , v. The superposition of the critical wakefield and the applied magnetic field generates the largest amplitude ALP field at lowest order in the ALP-photon coupling strength g. The ALP field Ψ is static in the wave frame, and it follows that the relativistic energy of a single ALP is γm Ψ . Thus, N Ψ is
where P Ψ = vΨ 2 is the z-component of the ALP energy flux density P Ψ ,
and P Ψ is P Ψ averaged over an oscillation;
with T the period of the oscillation. A minimally-coupled ALP field generated by the superposition of a periodic electric field and a constant magnetic field has the same period as the electric field. We express ξ as
where l = vT is the wavelength of the electric field and, since dζ = −vdt when z is constant, (21) can be written as
The ALP field Ψ has the form
where
follows from (16), (17), (22), (24) . Using (23), (24), (25) it follows that
A closed-form approximation to P Ψ is readily obtained for the oscillation during which the amplitude of the electric field has its largest possible value. If the contribution to P Ψ due to quantum vacuum polarisation and the back-reaction of the ALP field is neglected then
follows from (18) , where ω p = eρ 0 /m e is the plasma frequency. Equation (27) is obtained from (18) by making the substitutions L EM → X/2, Ψ → 0 and demanding that ξ = 1 when dξ/dζ = 0. The electric field E has been eliminated using (16) during the passage from (18) to (27) . Using (27) , the phase ζ of the wave can be written in terms of ξ as
where, for convenience, ζ(1) = 0 has been chosen. In practice, the Lorentz factor γ of the wave satisfies γ 1; for example, the Lorentz factor of a laser-driven plasma wakefield is in the range 10 − 100 and the Lorentz factor of an electron-driven plasma wakefield is considerably larger (γ ∼ 10 5 ). Thus, the approximation method that we will use to evaluate (28) is adapted to the large γ regime. Introducing the scaled variablesξ = ξ/γ 2 , χ = χ/γ 2 leads to
where v = 1 − γ −2 has been used to fully exhibit the γ dependence of the integrand. However,
and it follows that the dominant behaviour of (28) when γ 1 is
Evaluating the period l of the oscillation,
using the approximate expression (31) for ζ gives
when γ 1. Inverting (31) to find ξ(ζ) results in
where (33) has been used and the criterion γ 1 is understood. An approximation to the coefficients ξ n in (22) follows immediately from (34):
and so (26) yields
is obtained from (33) . Since
the result (36) can be expressed in closed form as follows:
and , c, µ 0 have been explicitly restored. The multiplicative factor v in (36) has been replaced by c in (40) for consistency with the approximations used to obtain (36) . Thus, the cycle-averaged flux density N Ψ of ALPs generated by the superposition of the wakefield and the applied magnetic field is
For practical purposes, the Lorentz factor γ of the wake is commonly expressed in terms of the properties of the laser pulse driving the wake [26] . Identifying the phase velocity v of the wake with the group velocity of a laser pulse modelled using the dispersion relation ω
p from linear theory gives γ = ω 0 /ω p . Extensive investigation in the 1-dimensional and 3-dimensional non-linear regimes shows γ ∝ ω 0 /ω p [28, 36] and, in the former case, the coefficient of proportionality is sensitive to the structure and intensity of the laser pulse [36] .
Representative parameters for a laser-driven plasma wakefield accelerator are ω p ∼ 2π×10 13 rad s −1 , γ ∼ 100, whilst B ∼ 35 T is characteristic of the strongest solenoid magnets available in the laboratory [37] . Typical estimates for g, m Ψ in the domain of interest can be obtained by appealing to the results of searches using the CERN Axion Solar Telescope (CAST) [38] . CAST has excluded ALPs with coupling strength g 0.66 × 10 −10 GeV −1 that satisfy m Ψ 0.02 eV/c 2 . A graph of P Ψ versus m Ψ is shown in Fig. 1(a) where ω p = 2π × 10 13 rad s −1 , γ = 100, B = 35 T, g = 0.66 × 10 −10 GeV −1 . Further investigation of (40) shows that P Ψ tends towards 4.3 × 10 −10 W cm −2 for m Ψ 10 −5 eV/c 2 , which coincides with the narrow mass range 10 −6 eV/c 2 m Ψ 2 × 10 −5 eV/c 2 in which the Axion Dark Matter Experiment (ADMX) operates [16] . Fig. 1(b) shows the corresponding average ALP flux density N Ψ versus m Ψ given by (42). For comparison, ALPs emitted by the Sun due to the Primakoff process are expected to have a flux density of g 2 10 3.75 × 10 11 cm −2 s −1 at Earth, where g 10 = g 10 10 GeV [39] . If m Ψ 1.8 × 10 −4 eV/c 2 then the flux density of ALPs generated by the plasma wakefield is greater than the solar ALP flux witnessed on Earth.
The above considerations are also applicable, as order-of-magnitude estimates, to the 3-dimensional bubble, or blow-out, regime, which features prominently in laser-driven plasma wakefield acceleration. Analytical considerations and PIC simulations demonstrate that the electric field in the bubble regime is ∼ 50% of the electric field in a 1-dimensional wake [40] . Inspection of (1), (20) shows that Ψ scales as |E|, and |P Ψ | scales as Ψ 2 , respectively. Hence, the average flux density of ALPs produced in the bubble regime is expected to be ∼ 25% of (42). Furthermore, the dependence of P Ψ , N Ψ on the peak frequency ω 0 of the laser pulse can be introduced using the relationship γ ≈ ω 0 /( √ 3 ω p ) [28] . Figs. 2, 3 show that the behaviour of P Ψ , N Ψ versus γ is highly sensitive to the value of m Ψ . Moreover, a small change in γ for fixed m Ψ can induce relatively large changes in the properties of the ALP field Ψ. The precise details of the coefficient of proportionality in γ ∝ ω 0 /ω p are needed to reveal the dependence of P Ψ , N Ψ on ω p for a specific laser pulse.
Whilst the solar ALP flux is essentially continuous, from a practical perspective a laser-driven plasma wakefield accelerator can, at best, provide a pulsed source of ALPs because the plasma must be replenished between laser shots. Our estimates correspond to a single pulse of ALPs whose duration is expected to be tens of femtoseconds. However, using the forthcoming ELI facilities [1], it should be possible to produce a train of such pulses with a repetition rate of a few Hz.
The plasma channel of a laser-wakefield accelerator could be sited within the bore of a powerful solenoid whose magnetic field is essentially uniform over hundreds of plasma wavelengths. For example, the change in the magnetic field away from the centre of a standard MagLab [37] 35 T, 32 mm bore solenoid magnet is less than ∼ 1.0% within 6 mm parallel to the bore axis and less than ∼ 0.4% within 16 mm perpendicular to the bore axis. The effects of the ALPs emerging from the opposite end of the solenoid could be detected using apparatus similar to CAST, in which ALPs are converted to photons over the 9.26 m length of a ∼ 9 T dipole magnet [38] . However, unlike solar ALPs which yield X-rays, (24) , (33) can be used to show that the photon frequencies would be integer multiples of ∼ 1 THz. Clearly, the detector would need to be shielded from the intense radiation emitted by plasma electrons driven by the laser wakefield accelerator. Hence, one can regard such a set-up as an novel light-shining-through-wall experiment [41] in which one can manipulate the flux of ALPs by altering the current through the solenoid and the laser-plasma parameters. See Figure 4 .
Conclusion
The world-wide effort to identify the nature of dark matter is on-going, and axion-like particles (ALPs) are a promising candidate. Although most searches for ALPs rely on candidate astrophysical sources, there are practical advantages in locating both the candidate source and detector in a terrestrial laboratory. We have obtained an initial estimate of the flux density of ALPs generated by the wakefield trailing an intense laser pulse propagating through a plasma. Our estimates suggest that a laser-driven plasma wakefield propagating along the strongest static magnetic field available in the laboratory generates a pulse of ALPs whose flux density is greater than the flux density of solar ALPs at Earth if the ALP mass is less than ∼ 10 −4 eV/c 2 . Furthermore, the average ALP energy flux density generated by the wakefield is close to its maximum theoretical value for an ALP mass less than ∼ 10 −5 eV/c 2 , which is in the mass range of state-of-the-art experiments that use microwave cavities to search for dark matter. The above results naturally suggest a new genre of light-shining-through-wall experiments. Taken together, these considerations lead us to conclude that detailed investigations should be undertaken of the benefits offered by laser-driven plasma wakefields in contemporary searches for ALPs.
